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APPROXIMATION OF FIXED POINTS OF NONEXPANSIVE
MAPPINGS AND QUASINONEXPANSIVE MAPPINGS IN A
HILBERT SPACE
KOJI AOYAMA
Abstract. In this paper, we give a simple proof and some generalizations of
results in Falset et al. [25].
1. Introduction
The aim of this paper is to give a simple proof and some generalizations of results
in Falset, Llorens-Fuster, Marino, and Rugiano [25]. In particular, we focus on the
following:
Theorem 1.1 ([25, Theorem 3]). Let H be a Hilbert space, C a nonempty closed
convex subset of H, T : C → C a nonexpansive mapping, S : C → C a strongly
quasinonexpansive mapping, u a point in C, {αn} and {βn} sequences in [0, 1], and
{xn} a sequence in C defined by x1 ∈ C and
(1.1) xn+1 = αnu+ (1 − αn) [βnTxn + (1 − βn)Sxn]
for n ∈ N. Suppose that F = F(T ) ∩ F(S) 6= ∅, I − S is demiclosed at 0, αn → 0,
and
∑
∞
n=1 αn =∞. Then the following hold:
(1) If
∑
∞
n=1(1 − βn) < ∞ and
∑
∞
n=1 |αn+1 − αn| < ∞, then {xn} converges
strongly to PF(T )(u);
(2) if
∑
∞
n=1 βn < ∞, αn > 0 for all n ∈ N, and βn/αn → 0, then {xn}
converges strongly to PF(S)(u);
(3) if lim infn βn(1 − βn) > 0, αn > 0 for all n ∈ N, then {xn} converges
strongly to PF (u).
Remark 1.2. The assumption that “αn > 0 for all n ∈ N” is not described in (2)
and (3) of [25, Theorem 3]. However, this assumption is used in the proof of the
theorem.
This paper is organized as follows: In the next section, some notions and defini-
tions are introduced. In §3, we give a simple proof of (1) of Theorem 1.1. In §4, we
obtain a slight generalization (Theorem 4.1) of (2) of Theorem 1.1. In §5, we prove
a strong convergence theorem for two quasinonexpansive mappings (Theorem 5.1),
which is a generalization of (3) of Theorem 1.1.
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2. Preliminaries
Throughout the present paper, H denotes a real Hilbert space, 〈 · , · 〉 the inner
product of H , ‖ · ‖ the norm of H , C a nonempty closed convex subset of H , I the
identity mapping on H , and N the set of positive integers. Strong convergence of
a sequence {xn} in H to x ∈ H is denoted by xn → x and weak convergence by
xn ⇀ x.
It is known that
(2.1) ‖λx+ (1− λ)y‖2 = λ ‖x‖2 + (1 − λ) ‖y‖2 − λ(1− λ) ‖x− y‖2
holds for all x, y ∈ H and a real number λ.
Let T : C → H be a mapping. The set of fixed points of T is denoted by F(T ). A
mapping T is said to be quasinonexpansive if F(T ) 6= ∅ and ‖Tx− p‖ ≤ ‖x− p‖ for
all x ∈ C and p ∈ F(T ); T is said to be nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all
x, y ∈ C; T is said to be strongly quasinonexpansive [6, 11, 14, 15, 17–20, 28] if each
T is quasinonexpansive and Txn − xn → 0 whenever {xn} is a bounded sequence
in C and ‖xn − p‖ − ‖Txn − p‖ → 0 for some point p ∈ F(T ); T is demiclosed at 0
if Tp = 0 whenever {xn} is a sequence in C such that xn ⇀ p and Txn → 0. We
know the following:
• If T : C → H is quasinonexpansive, then F(T ) is closed and convex; see [24,
Theorem 1];
• if T : C → H is nonexpansive, then I − T is demiclosed at 0; see [26].
Remark 2.1. Let T : C → H be a mapping with a fixed point. Then T is strongly
quasinonexpansive if and only if T is of type (sr) in the sense of [11, 14, 17, 18].
The following lemma is essentially proved in [23]; see [23, Lemma 3] and its
proof. We give the proof for the sake of completeness.
Lemma 2.2. Let T : C → H and S : C → H be quasinonexpansive mappings and
U : C → H a mapping defined by U = βT + (1 − β)S, where β ∈ (0, 1). Suppose
that F(T ) ∩ F(S) 6= ∅. Then F(U) = F(T ) ∩ F(S) and U is quasinonexpansive.
Proof. Set F = F(T )∩F(S). Clearly, F(U) ⊃ F . Thus F(U) is nonempty. We show
F(U) ⊂ F . Let z ∈ F(U) and w ∈ F be given. Since T and S are quasinonexpansive
and w ∈ F(T ) ∩ F(S), it follows from (2.1) that
‖z − w‖2 = ‖Uz − w‖2 = ‖β(Tz − w) + (1− β)(Sz − w)‖2
= β ‖Tz − w‖2 + (1− β) ‖Sz − w‖2 − β(1 − β) ‖Tz − Sz‖2
≤ ‖z − w‖2 − β(1 − β) ‖Tz − Sz‖2 .
Thus ‖Tz − Sz‖ = 0 and hence Tz = Sz. This implies that z ∈ F . Therefore,
F(U) ⊂ F , and thus F(U) = F . It is easy to verify that U is quasinonexpansive. 
It is known that, for each x ∈ H , there exists a unique point x0 ∈ C such that
‖x− x0‖ = min{‖x− y‖ : y ∈ C}.
Such a point x0 is denoted by PC(x) and PC is called the metric projection of H
onto C; see [29] for more details.
Let {Tn} be a sequence of mappings of C into H such that F =
⋂
∞
n=1 F(Tn)
is nonempty. Then {Tn} is said to be strongly quasinonexpansive type [3, 7, 11, 14,
15, 18] if each Tn is quasinonexpansive and Tnxn − xn → 0 whenever {xn} is a
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bounded sequence in C and ‖xn − p‖ − ‖Tnxn − p‖ → 0 for some point p ∈ F ;
z ∈ C is said to be an asymptotic fixed point of {Tn} if there exist a sequence {xn}
in C and a subsequence {xni} of {xn} such that Tnxn − xn → 0 and xni ⇀ z;
see [3]. The set of asymptotic fixed points of {Tn} is denoted by Fˆ({Tn}). It is
clear that F ⊂ Fˆ({Tn}). The following lemma is also clear from the definition:
Lemma 2.3. Let T : C → H be a mapping with a fixed point. Suppose that Tn = T
for n ∈ N. Then the following hold:
• If I − T is demiclosed at 0, then Fˆ({Tn}) =
⋂
∞
n=1 F(Tn);
• if T is strongly quasinonexpansive, then {Tn} is strongly quasinonexpansive
type.
Remark 2.4. Let {Tn} be a sequence of mappings of C into H such that F =⋂
∞
n=1 F(Tn) is nonempty. Then we know the following:
• {Tn} is strongly quasinonexpansive type if and only if it is a strongly rel-
atively nonexpansive sequence in the sense of [3, 11, 14, 18]; see [15, Re-
mark 2.5];
• F = Fˆ({Tn}) if and only if {Tn} satisfies the condition (Z) in the sense
of [1–5, 8–11,14–16,18]; see [3, Proposition 6];
• if z ∈ Fˆ({Tn}), then there exist a bounded sequence {xn} in C and a
subsequence {xni} of {xn} such that Tnxn − xn → 0 and xni ⇀ z; see the
proof of [3, Proposition 6].
The following lemma is well known; see, for example, [27, Lemma 2].
Lemma 2.5. Let {ξn} be a sequence of nonnegative real numbers, {αn} a sequence
in [0, 1], and {γn} a sequence of nonnegative real numbers. Suppose that ξn+1 ≤
(1− αn)ξn + γn for all n ∈ N,
∑
∞
n=1 αn =∞, and
∑
∞
n=1 γn <∞. Then ξn → 0.
3. Proof of Theorem 1.1 (1)
In this section, we give a simple proof of the conclusion (1) of Theorem 1.1. The
proof depends heavily on the following well known result; see [30, Theorem 2] and
[21, Theorem 3.2].
Theorem 3.1. Let H be a Hilbert space, C a nonempty closed convex subset of H,
T : C → C a nonexpansive mapping, u a point in C, {αn} a sequence in [0, 1], and
{yn} a sequence in C defined by y1 ∈ C and
(3.1) yn+1 = αnu+ (1− αn)Tyn
for n ∈ N. Suppose that F(T ) is nonempty, αn → 0,
∑
∞
n=1 αn = ∞, and∑
∞
n=1 |αn+1 − αn| <∞. Then {yn} converges strongly to PF(T )(u).
The following lemma connects Theorem 3.1 and Theorem 1.1 (1).
Lemma 3.2. Let H, C, T , and u be the same as in Theorem 3.1, {αn} and {βn}
sequences in [0, 1], {zn} a bounded sequence in C, {xn} a sequence in C defined by
x1 ∈ C and
xn+1 = αnu+ (1− αn) [βnTxn + (1− βn)zn]
for n ∈ N, and {yn} a sequence in C defined by y1 ∈ C and (3.1) for n ∈ N.
Suppose that
∑
∞
n=1 αn =∞ and
∑
∞
n=1(1− βn) < 0. Then xn − yn → 0.
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Proof. Let v ∈ F(T ) be fixed. Since T is nonexpansive, we deduce that
‖yn+1 − v‖ ≤ αn ‖u− v‖+ (1− αn) ‖Tyn − v‖
≤ αn ‖u− v‖+ (1− αn) ‖yn − v‖ .
Thus, by induction on n, we see that
‖Tyn+1 − v‖ ≤ ‖yn+1 − v‖ ≤ max{‖u− v‖ , ‖y1 − v‖}
for all n ∈ N. Hence {Tyn} is bounded. Since {Tyn} and {zn} are bounded, it
follows that supn ‖zn − Tyn‖ <∞. Thus we have
‖xn+1 − yn+1‖ ≤ (1− αn)
[
βn ‖Txn − Tyn‖+ (1− βn) ‖zn − Tyn‖
]
≤ (1− αn) ‖xn − yn‖+ (1 − βn) sup
n
‖zn − Tyn‖
for all n ∈ N. Therefore, ‖xn − yn‖ → 0 by Lemma 2.5. 
Using Theorem 3.1 and Lemma 3.2, we can prove Theorem 1.1 (1) as follows:
Proof of Theorem 1.1 (1). Let v ∈ F be fixed. Since T is nonexpansive, S is quasi-
nonexpansive, and v ∈ F(T ) ∩ F(S), we have
‖xn+1 − v‖ ≤ αn ‖u− v‖ + (1− αn)[βn ‖Txn − v‖+ (1 − βn) ‖Sxn − v‖]
≤ αn ‖u− v‖ + (1− αn) ‖xn − v‖ .
(3.2)
Thus, by induction on n, we see that
(3.3) ‖Sxn+1 − v‖ ≤ ‖xn+1 − v‖ ≤ max{‖u− v‖ , ‖x1 − v‖}
for all n ∈ N. Hence {Sxn} is bounded. Let {yn} be a sequence defined by y1 ∈ C
and (3.1) for n ∈ N. Then Theorem 3.1 implies that yn → PF(T )(u) and Lemma 3.2
implies that xn − yn → 0. Therefore we conclude that xn → PF(T )(u). 
4. A generalization of Theorem 1.1 (2)
In this section, we prove the following theorem, which is a slight generalization
of the conclusion (2) of Theorem 1.1. In fact, the condition
∑
∞
n=1 βn < ∞ can be
replaced by βn → 0.
Theorem 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of
H, T : C → C a nonexpansive mapping, S : C → C a strongly quasinonexpansive
mapping, u a point in C, {αn} a sequence in (0, 1], {βn} a sequence in [0, 1],
and {xn} a sequence in C defined by x1 ∈ C and (1.1) for n ∈ N. Suppose that
F = F(T ) ∩ F(S) is nonempty, I − S is demiclosed at 0, αn → 0,
∑
∞
n=1 αn = ∞,
βn → 0, and βn/αn → 0. Then {xn} converges strongly to PF(S)(u).
The proof of Theorem 4.1 essentially depends on the following theorem, which
is a direct consequence of [7, Corollary 3.1] and Lemma 2.3.
Theorem 4.2. Let H, C, S, and {αn} be the same as in Theorem 4.1, {un} a
sequence in C, and {xn} a sequence in C defined by x1 ∈ C and
xn+1 = αnun + (1− αn)Sxn
for n ∈ N. Suppose that un → u. Then {xn} converges strongly to PF(S)(u).
Using Theorem 4.2, we obtain the following lemma:
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Lemma 4.3. Let H, C, S, u, {αn}, and {βn} be the same as in Theorem 4.1,
{zn} a bounded sequence in C, and {xn} a sequence in C defined by x1 ∈ C and
(4.1) xn+1 = αnu+ (1− αn)[βnzn + (1− βn)Sxn]
for n ∈ N. Then {xn} converges strongly to PF(S)(u).
Proof. Set γn = αn + βn − αnβn. Then it is easy to verify that 0 < γn ≤ 1 for all
n ∈ N, γn → 0, and
∑
∞
n=1 γn =∞. From the definition of {xn}, the equation (4.1)
is reduced to
xn+1 = γnun + (1 − γn)Sxn,
where un = [αnu + (1 − αn)βnzn]/γn. Since βn/αn → 0 and {zn} is bounded, we
see that un → u. Therefore Theorem 4.2 implies the conclusion. 
Using Lemma 4.3, we can prove Theorem 4.1 as follows:
Proof of Theorem 4.1. Let v ∈ F be fixed. Since T is nonexpansive and v ∈ F(T ),
it follows from (3.2) and (3.3) that
‖Txn+1 − v‖ ≤ ‖xn+1 − v‖ ≤ max{‖u− v‖ , ‖x1 − v‖}
for all n ∈ N. Thus {Txn} is bounded. Hence Lemma 4.3 implies that xn →
PF(T )(u). 
5. Strong convergence theorem for two quasinonexpansive mappings
In this section, we prove the following strong convergence theorem for two quasi-
nonexpansive mappings.
Theorem 5.1. Let H be a Hilbert space, C a nonempty closed convex subset of H,
T : C → C a quasinonexpansive mapping, S : C → C a strongly quasinonexpansive
mapping, u a point in C, {αn} a sequence in (0, 1], {βn} a sequence in [0, 1],
and {xn} a sequence in C defined by x1 ∈ C and (1.1) for n ∈ N. Suppose that
F = F(T ) ∩ F(S) is nonempty, both I − T and I − S are demiclosed at 0, αn → 0,∑
∞
n=1 αn = ∞, and lim infn βn(1 − βn) > 0. Then {xn} converges strongly to
PF (u).
Remark 5.2. Under the assumptions of Theorem 1.1 (3), T is quasinonexpansive and
I − T is demiclosed at 0. Therefore Theorem 1.1 (3) is a corollary of Theorem 5.1.
The proof of Theorem 5.1 is based on the following theorem, which is derived
from [11, Theorem 3.1] and Remark 2.4.
Theorem 5.3. Let H, C, u, and {αn} be the same as in Theorem 5.1, {Un} a
sequence of mappings of C into itself, and {xn} a sequence in C defined by x1 ∈ C
and
xn+1 = αnu+ (1− αn)Unxn
for n ∈ N. Suppose that K =
⋂
∞
n=1 F(Un) 6= ∅, {Un} is strongly quasinonexpansive
type, and Fˆ({Un}) = K. Then {xn} converges strongly to PK(u).
In order to prove Theorem 5.1, we need the following lemma. For similar results,
see [12, 13, 17, 18, 22].
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Lemma 5.4. Let H, C, T , S, and {βn} be the same as in Theorem 5.1 and
Un : C → C a mapping defined by
Un = βnT + (1 − βn)S
for n ∈ N. Then the following hold:
(1) Each Un is quasinonexpansive and F(T ) ∩ F(S) =
⋂
∞
n=1 F(Un);
(2) {Un} is strongly quasinonexpansive type;
(3) Fˆ({Un}) =
⋂
∞
n=1 F(Un).
Proof. By assumption, there exist a, b ∈ (0, 1) and m ∈ N such that a ≤ βn ≤ b for
all n ≥ m.
We first show (1). Set F = F(T ) ∩ F(S). Lemma 2.2 implies that Un is quasi-
nonexpansive and F(Un) = F for all n ≥ m, and hence Un is quasinonexpansive
and F(Un) ⊃ F for all n ∈ N. Thus we have F ⊂
⋂
∞
n=1 F(Un) ⊂
⋂
∞
n=m F(Un) = F .
Therefore, F =
⋂
∞
n=1 F(Un).
We next show (2). Suppose that {xn} is a bounded sequence in C and ‖xn − p‖−
‖Unxn − p‖ → 0 for some p ∈
⋂
∞
n=1 F(Un). From (1), it is enough to show that
xn − Unxn → 0. Since S and T are quasinonexpansive and p ∈ F by (1), we have
‖Unxn − p‖ ≤ βn ‖Txn − p‖+ (1− βn) ‖Sxn − p‖
≤ βn ‖xn − p‖+ (1− βn) ‖Sxn − p‖ ≤ ‖xn − p‖ .
Hence we see that
(5.1) 0 ≤ (1− b)(‖xn − p‖ − ‖Sxn − p‖) ≤ ‖xn − p‖ − ‖Unxn − p‖
for all n ≥ m. Since ‖xn − p‖− ‖Sxn − p‖ → 0 by (5.1), S is strongly quasinonex-
pansive, and p ∈ F(S) by (1), we conclude that
(5.2) ‖xn − Sxn‖ → 0.
Using (2.1) and (1), we have
βn(1 − βn) ‖Txn − Sxn‖
2
= βn ‖Txn − p‖
2
+ (1− βn) ‖Sxn − p‖
2 − ‖Unxn − p‖
2
≤ ‖xn − p‖
2 − ‖Unxn − p‖
2
≤ 2 ‖xn − p‖ (‖xn − p‖ − ‖Unxn − p‖),
which implies that
0 ≤ a(1− b) ‖Txn − Sxn‖
2 ≤ 2 ‖xn − p‖ (‖xn − p‖ − ‖Unxn − p‖)
for all n ≥ m. Taking into account the boundedness of {xn}, we see that
(5.3) ‖Txn − Sxn‖ → 0.
Therefore it follows from (5.2) and (5.3) that
‖xn − Unxn‖ ≤ ‖xn − Sxn‖+ βn ‖Sxn − Txn‖ → 0.
Consequently, {Un} is strongly quasinonexpansive type.
We next show (3). From (1), it is enough to show that Fˆ({Un}) ⊂ F , where
F = F(T ) ∩ F(S). Let z ∈ Fˆ({Un}). Then there exist a bounded sequence {xn}
in C and a subsequence {xni} of {xn} such that Unxn − xn → 0 and xni ⇀ z; see
Remark 2.4. Let p ∈ F . As in the proof of (2), it turns out that
0 ≤ (1− b)(‖xn − p‖ − ‖Sxn − p‖) ≤ ‖xn − p‖ − ‖Unxn − p‖ ≤ ‖xn − Unxn‖
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for all n ≥ m, and hence (5.2) holds. Since I − S is demiclosed at 0, we conclude
that z ∈ F(S). On the other hand, by the definition of Un, we see that
0 ≤ a ‖xn − Txn‖ ≤ βn ‖xn − Txn‖ = ‖xn − Unxn − (1− βn)(xn − Sxn)‖
≤ ‖xn − Unxn‖+ ‖xn − Sxn‖
for all n ≥ m. Taking into account Unxn − xn → 0 and (5.2), we deduce that
‖xn − Txn‖ → 0. Since I − T is demiclosed at 0, we conclude that z ∈ F(T ).
Consequently, z ∈ F(T ) ∩ F(S) = F . This completes the proof. 
Using Theorem 5.3 and Lemma 5.4, we can prove Theorem 5.1 as follows:
Proof of Theorem 5.1. Set Un = βnT+(1−βn)S for n ∈ N. Then Lemma 5.4 shows
that F =
⋂
∞
n=1 F(Un), {Un} is strongly quasinonexpansive type, and Fˆ({Un}) = F .
Thus Theorem 5.3 implies the conclusion. 
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